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SUMMARY
The resonant eigenfrequencies of three-dimensional models of sedimentary basins are
: calculated through the use of high-frequency asymptotics. The results are valid for the areas
y near the geometrical centre of the basin, where the thickness of sediments is greatest, By
f anzlogy with the theory of electromagnetic resonators it is shown that the modes of oscillation

of trapped seismic waves can be easily computed from simple formulas that relate the
geomelry of the basin to the type of resonant mode and to the eigenfrequencies. All results
are approximations based on WEKB solutions to the wave equation whose phase function
satisfy resonant or ‘guantum’ conditions inside the Basin. Comparison with published
numerical data indicates that the analytical approach here described may be of more general
application than the empirical formulations that have been proposed previously for
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two-dimensional basing,
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1 INTRODUCTION

Estimating earthquake-induced ground motions on  the
surface of sediment-filled basins is an important aspect of
the earthquake hazard reduction effort and a fundamental
problem in seismic wave propagation. The destructive
Mexican earthquake of 1985 is a sharp reminder of how
little is lknown about the effects of three-dimensional
eeclogical structures on incident seismic waves, Data from
the Mexican event strongly suggest resonance of the
underlying sedimentary basin as a major cause of the heavy
damage suffered by the structures (Anderson er al. 1986).

To solve the wave propagation problem most relevant to
resomance means to be able to accurately compute the
seismic wavefield after it has interacted with full 3-D media
for a reasonable long time. No complete analytical solution
is possible for broadband signals and/or arbitrary ge-
ometries. Solutions based upon large-scale numerical wave
solvers do not provide the physical insight and zensrality
obtainable with analytical methods, albeit being dependent
on the efficient elimination of late-arriving reflections from
nonphysical boundaries, After eareful scrutiny, it seems that a
simplified analytical approach based on wave asymptotics
(high frequency) and geometrical optics (infinite frequency)
is a possible alternative that results in useful answers, Such
is the approach reported here.

This paper presents some theoretical results that allow
tasy caleulation of high frequency resonant modes for
simple geometrical models of 3-D sedimentary basins. Fart
of the motivation to undertake this study comes from a
Paper by Keller & Rubinow (1960}, who show what types of
resonant oscillations may appear inside smooth domains,

even in those in which the wave equation is not separable.
The results presented below are however derived from the
theory of electromagnetic resonators (Weinstein  1969),
Throughout his book Weinstein (who claims to have
developed his theory independently of Keller & Rubinow's
results) provides cxplicit analytical solutions for resonators
of diverse geometries. Some of these have been gencralized
here and adapted to the sedimentary basin problem, while
others have been used directly with only minor
madifications,

The mathematical approach is through the use of
high-frequency asymptoties and WKB solutions of the scalar
wave equation in triaxial ellipsoidal coordinates. It is shown
later that the selection of this coordinate system ensures
ample pgenerality as to the basin peometries for which the
results apply. Low-frequency phenomena, including mode
coupling between P and S waves, are not studied. The
results are valid for the areas near the geometrical centre of
the basin, where the thickness of sediments is greatest. The
resulting analytical expressions are easy to  evaluate
numerically and provide a simple means to estimate the
fundamental resonant frequency and overtones for P and &
waves. Within the limitations imposed by the approxima-
tions made, it is found that the resonant frequencies (and
overtones) depend only on the geometrical ratios H/R,,
where H is the maximum thickness of the basin and the R,
are the principal radii of curvature there, The ellipsoidal-
shape constraint may be relaxed by using simple
multiplicative correction terms that do not depend on the
basin’s shape.

Since the theory of electromagnetic resonstors as
developed by Weinstein (1969) may not be familiar to some
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seismologists, in Section 2 I succinctly describe some results
which will be needed in later sections. The expressions for
the eigenfrequencies in both 2- and 3-D basins are derived
in Section 3. A comparison of the theoretical results with
numerically computed resonant frequencies in two dimen-
sions is also presented there.

2 THEORY

Whether or not separability of the wave equation is
possible, Keller & Rubinow’s (1960) analysis prédicts the
existence of two types of resonant modes in a 3-D closed
domain: the ‘bouncing ball’ modes, whose amplitudes are
non-zero only inside a small volume surrounding the
minimum diameter of the domain, and the ‘whispering
gallery’ modes, with non-zero amplitudes within a thin layer
lying next to the domain’s boundary. Furthermore, they also
point out that the bouncing ball modes are stable only along
the minimum diameter of the domain, an important
property that can now be easily substantiated with computer
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Seismic wave resonances in 3-D sedimentary basins 3

3 BOUNCING BALL MODES

WHISPERING GALLERY MODES

Figure 1. Bouncing ball (1, I} and whispering gallery ([T, TV) modes inside a triaxial ellipsoid with semi-axes 4 =b >¢ in the coordinate
directions x, ¥, = respectively. The shided volumes are bounded by canstic surfaces given by inequalities (1). (Modified from Weinstein 1969,)

the centre of the basin in a manner fully analogous to the
motions of a point mass (or charge) in an ellipsoidal
potential field. Tt is then not surprising that in order to
determine the eigenfrequencies of oscillation in a resonator
one must use equations (6) below, which are analogues of
the quantization rules of eclectron orbits in Bohr's old
quantum mechanics. Although most commonly used in
quantum mechanical problems, these rules are also
applicable to, for instance, seismological studies of
asymptotic normal modes in a lateral heterogencous model
of the earth (Dahlen & Henson 1985), The interested reader
is-also referred to Keller (1985) for a review of methods and
applications of semi‘classical mechanics that may be of use
in seismic wave propagation,

3 EIGENVALUES AND RESONANT
FREQUENCIES

Weinstein (1969, ch. 6) gives the explicit form of the three
resonance conditions: (also popularly known as Bohr

Sommerfeld quantum conditions) for the wavenumber K in
the triaxial ellipsoidal resonator of semiaxes a > b = ¢:

K{'f P(Q)dQ) = (6a)
RCy k]
- 1
K[| P() dﬂ) =2x(m+1/2) (6b)
Ve,

x( [ p@) dQ)=an  Lmn=0,1,23, (60

for mode [. Similar equations apply for modes IT-TV,
Caonditions (6) are standard in form and easily derived once
the WKB solution is known for each of the three
coordinate-dependent separable functions X, ¥ and Z of
(1). Each of the integrals in (6) is taken over the domains of
the ellipsoidal variables where the mode is defined by the
inequalities given-in (4). Equations (6) illustrate the fact that
for any given ray to constructively interfere, the
accumulated phase along o closed trajectory (including
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Figure 3. As in Fig. 2, but for basins of incressed ellipticity, in
which mode II (top and bottom) it more readily excited than
mode 1.

around in their 3-D path. Outside of the ray-filled space the
amplitudes of the waves decay cxponentially with distance
from the caustic surfaces, i.e. the eigenoscillations become
isolated from other parts of the basin, remaining
horizontally trapped by the caustics for the duration of the
oscillations. It can be shown that similar patterns are
observed for basins formed by Gaussian, cosine or other
similar (non-separable) bounding surfaces as long as the
oscillations are stable.

The derivation of (8) assumes that 63/, <<1, where
did= 9.~ 3, This {s equivalent to requiring that the rays
stay in the neighbourhood of the ellipsoid’s vertical axis
(semi-axis ¢) and away from its edges (paraxial approxima-
tion). A result arrived at by Weinstein (1969, ch, 6) is casily
obtained from (8) by setting a = b in (9), i.e.:
IKe =l + 2{2m+mn+ 1) arcsin (c/a)
which can also be written as
2Ke=al+ (2m + n + 1) arceos [1 — 2(c/a)"] (10)

with I, m,n=10,1, 2,3, -+, for an oblate ellipsoid.

Seismic wave resonances in 3-D sedimentary basins B3

For the case in which the two opposite reflectors have
different curvature, i.e. for an asymmetrc resonator,
equation (10) must be changed to (Weinstein 1968);

24 =1+ {1/x)2m+n+1)

% arceos {(V[(1—d/r ) (1 —d/F)]) (11)
where r' and 7" are the radii of curvature of the two
opposing reflecting surfaces of the resonator; d =2¢, and
K=2x{A, where A is the wavelength. If now r" iz let to
approach infinity, equation {11) becomes

2dfi =14 1/(2x)(2m + n+ 1) arecos (1 — 2d/r") (12}

where o is the distance betwezn the flat and the curved
reflectors, at the centre of the one-half ellipsoid.

32 Mode N1

In this case, the appropriate expression for the eigenvalues
is again obtained from equations (6) with the rhs's slightly
changed, as in Weinstein (1969), to account for the mode's
geometry. The inequalities [I of (4) determine the
integration intervals, The integrations give, after some
algebra:

2Ke =l + (2m + 1)f, + (Zn + 1)f, (13)
with
Bi=arcsin Vi{e/R,) O=p;=nx

B.= arcsin V(c/R2)

R, and R, are the principal radii of curvature of the
ellipsoid at the point x = y = (. For equation (8) to apply the
ellipsoid must be such that a = b. It should be obvious from
the inequalities (4) and from (13) that if the ellipsoid is
axially symmetrie (g2 =05), mode II does not exist. This
reveals the importance of attacking the full 3-D problem,
which requires the use of ellipsoidal coordinates. Mode 1T
(Fig. 3) cannot be known to exist if the ellipsoid's geometry
is constrained by numerical or computational convenience to
be axially symmetric. It can &lse be shown that in a
non-axisymmetric ellipsoid, mode I will be excited by rays
whose initial direction inside the ellipsoid do not cross any
of the interfocal lines, wherzas mode [T is excited by those
rays whose initial direction crosses the interfocal lines., This
is an elementary geometric property easy to confirm with
ray-tracing, as can be observed in Figs 2 and 3. It implies
that mode II will be more readily excited the more
clongated the ellipsoidal (or the basin) is, and that
axisymmetric basins will resonate only in mode I of the
bouncing ball modes.

Similar to the previous case, in order to obtain an
expression for the one-half ellipsoid, equation (13) ean be
written:

O=f=xn

Kd = al+ (m + 1/2) arccos V[(1 = d/R,)(1 — d/R})]
4 (n +1/2) arecos V(1 — d/R2)(1 — d/R3)]

(14)

where d is; as before, the distance between the upper and
lower reflectors. Ry and R3 are thus the principal radii of
curvature of the upper reflector at x =y =0. Letting R} and
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Rj go to infinity (14) becomes:

2d/A=1+ (1/2x)[(m + 1/2) arccos (1 —2d/R,)
+ (n+1/2) arccos (1 — 2d/R,)]. (15)

3.3 Seismological applications

~

with

By, =arccos (1 —2H/R)) 0<B,=xm
B, =arccos (1 - 2H/R,) 0=8,<n
Bi#B, and L,m,n=0,1,2,3,...,

R, and R, are the principal radii of curvature at the deepest
point of the basin, R, =a*/H and R, =b?/H, for a triaxial
ellipsoid.
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i Figure 4. Comparison of numerical results reported by Bard & Bouchon (1985) (open triangles) with values obtained from equation (18) for
tal = in elliptical, 2-D basin with the same maximum thickness and central curvature as Bard & Bouchon's cosine basin (&), &nd for a simulated
for i cosine basin (b), i.c. with values obtuined from equation (19). In both cases the shape ratio used in equations (18) and (19) is the ratio between

T ey the vertical and horizontal semi-axes of the ellipse. All curves are for the fundamental radial mode (1= 0). See text for details.
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stermine a local resonant frequency that depends only on
the curvatures of the basin under the site, and not on the
overall shape of the basin.

Unfortunately, the low number of recorded acceleragrams
within the Mexico City basin prevent a more detailed study.
Also, the available subsurface maps are not detailed enough
to either support or rule out the presence of the assumed
basin's curvatures under the stations.

It may still be argued that the local resonant frequencies
of the ground in a sedimentary basin such as Mexico Ciry's
can, and in fact have been accurately predicted with the 1-13
formula (22). The theoretical results presented in this paper
suggest that (22) is indeed a good approximation, unless the
cifects of the curvature of the basin's boundary become
impaortant, As exemplified in Fig, 4(b), even in 2-D domaing
these effects can be appreciable, Equations (16) and (173
account for the resulting variation in resonant frequency
when such effects are present, whereas (22) does not.

A satisfactory explanation of the Mexican data discussed
above will probably have to wait for more analyses and
data. On the other hand, it seems clear to researchers that
most of the damage in Mexico City occurred because the
natural frequency of buildings five to 20 storeys high
coincided  or nearly coincided with the predominant
frequency of ground motion, a phenomenon that has been
called double resonance by Rosenblueth (1986). In this
regard, the US seismological and engineering communities
have strongly recommended that microzonation maps of the
U5 should clearly specify that siting of high-rise structures
having resenant periods equal or nearly equal to that of the
predominant period of ground shaking of the site should be
avoided (Tinsley & Rogers 1986), Since at the same time
Gulliver (1986) has pointed out that predicted-intensity
maps currently in use do not account for sedimentary basin
resonance effects, the implication is clear that there is a
need for a theorctical-experimental methodology that can
accurately compute  resonant  frequencies in full 3D
domains. This would allow accurate prediction of potential
double resonance, especially in sediment-filled basing where
the cffects of lateral confinement generally translate into
long-lasting, highly amplified ground shaking.

[t is hoped that the results presented in this paper may he
useful, although the limitstions imposed on the general
validity of equations {9) and (13) by the use of asymptotics,
paraxiality and a description in terms of the scalar wave
cquation, are probably severe, Nevertheless, the com-
parison of the results obtained here with the numerical data
of Bard & Bouchon (1985) suggests that equations (%) and
(13) may in general give acceptable values of the
cigenfrequencies in the 3-D case as well. An interesting
implication of these equations is that the presence of a
sedimentary basin just increases the resonant frequencies of
the ground with respect to those of a horizantally layered
section, and that such an increase can be as large as a factor
of two.

4.1 Stability of the oscillations

In 3-D space it is more realistic to simulate sedimentary
basins with cosine or Gaussian functions than with
haif-ellipsoids, but near the centre of the basin the loeal
principal curvatures of Gaussians or cosinoids do not differ
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much from those of an ellipsoid. Thus the asymptotic values
that can be obtained with the use of (9), (13) and (21)
should be applicable to all those shapas. Tt should be clear
however that the foregoing methods are based on the
precept that the ray trajectories are bounded by smooth
caustic surfaces, and that along those trajectories there is
regular, predictable wave motion. The dynamics of seismic
waves trapped within 4 geological resonator of arbiteary
geomeltry is fairly more complicated than that, and includes
the possibility of the existence of irregular, chaotic or
non-integrable motions (Soranf & Rial 1988 Rial & Sorouf
1987). Furthermore, an important numerical result is that in
the presence of imegular motions the nodal surfaces of the
eigenfunctions do not follow an orderly, peometrical pattern
as in the case of stable resonances, but appear to wander
randomly across the domain {see for instance Berry 1981,
1983, 1987; Helleman 1980; Lichtenberg & Lieberman,
1983, ¢h. 6) and the cigenvalues are not described by
deterministic formulae. This is the topic of a forthcoming
paper.
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