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SUMMARY
Microtremors are produced by multiple random sources close to the surface of the Earth.
They may include the effects of multiple scattering, which suggests that their intensities could
be well described by diffusion-like equations. Within this theoretical framework, the average
autocorrelation of the motions at a given receiver, in the frequency domain, measures average
energy density and is proportional to the imaginary part of the Green’s function (GF) when
both source and receiver are the same.

Assuming the seismic field is diffuse we compute the H/V ratio for a surface receiver on
a horizontally layered medium in terms of the imaginary part of the GF at the source. This
theory links average energy densities with the GF in 3-D and considers the H/V ratio as an
intrinsic property of the medium. Therefore, our approach naturally allows for the inversion
of H/V, the well-known Nakamura’s ratio including the contributions of Rayleigh, Love and
body waves. Broad-band noise records at Texcoco, a soft soil site near Mexico City, are studied
and interpreted using this theory.

Key words: Inverse theory; Earthquake ground motions; Coda waves; Site effects; Statistical

seismology; Wave scattering and diffraction.

1 INTRODUCTION

Site conditions can generate significant changes in earthquake
ground motion producing concentrated damage (Sanchez-Sesma
1987; Aki 1988). It is usual to characterize the site effects by means
of spectral ratios of recorded motions with respect to reference
rock site (e.g. Cadet ef al. 2010). These ratios are called empirical
transfer functions (ETF), and for seismically active locations can
be easily obtained. It is often appropriate to interpret the ETF as-
suming a 1-D configuration and deal with resonant frequencies and
amplifications. By means of logging or seismic surveys the 1-D soil
structure can be obtained allowing for simple theoretical transfer
functions.

On the other hand, for more quiescent areas seismic noise may
provide useful information. In fact, Lermo & Chavez-Garcia (1994)
obtained reliable estimates of the soil resonance frequencies from
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the spectral ratio between horizontal and vertical motions of mi-
crotremors. The noise H/V spectral ratio (NHV) has been studied
to explain its strengths and limitations (Bonnefoy-Claudet et al.
2006; Cadet 2007; Bard 2008; Pilz et al. 2009; Lunedei & Albarello
2010). Usually the NHV reveals the site dominant frequency f but
the amplitude of the NHV is not well understood (Pilz et al. 2009).
The recent work of Lunedei & Albarello (2010) is a significant step
towards the understanding of the NHV. They computed the field at
a given location considering a continuous distribution of random
sources at the surface of a weakly dissipative layered system.

The ratio H/V became a puzzle and several proposals exist to
interpret its features. For instance, it was assumed that microtremors
were mainly composed of surface waves. In fact, the ratio H/V
has been related to Rayleigh wave ellipticity (Lermo & Chavez-
Garcia 1994; Malischewsky & Scherbaum 2004). When Rayleigh
and Love waves come from various directions an ellipticity analysis
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becomes very complicated. However, successful inversion schemes
based on surface wave ellipticity have been used (Arai & Tokimatsu
2004; Cadet 2007). On the other hand, other authors claim for the
dominance of body waves around the peak of the H/V (see e.g.
Nakamura 2000; Bonnefoy-Claudet ez al. 2008; Herat 2008).

Here we assume that the noise is a diffuse wavefield containing all
types of elastic waves. This may provide deep physical insight and
explain the success of one of the most used techniques nowadays.
Underlying this assumption is the connection between diffuse fields
and the Green’s function (GE, Campillo & Paul 2003; Weaver &
Lobkis 2004; Sanchez-Sesma & Campillo 2006; Sanchez-Sesma
et al. 2008; Yokoi & Margaryan 2008; Sato 2010), which implies
the proportionality between the average energy densities of a diffuse
field and the imaginary part of GF at the source (Sanchez-Sesma
et al. 2008; Perton et al. 2009). Thus, we express the NHV as the
square root of the ratio of the corresponding imaginary parts of
Green’s tensor components (Sanchez-Sesma et al. 2010). We use
this theory to explain results from an experiment at Texcoco, a site
near Mexico City within the ancient lake bed.

2 DIFFUSE FIELDS IN DYNAMIC
ELASTICITY

Consider an elastic inhomogeneous, anisotropic medium subjected
to a set of uncorrelated random forces. The correlation properties of
the resulting field and of a multiple-scattered wavefield are equiva-
lent. Since the latter are well described by diffusion-like equations,
we employ the term ‘diffuse’ for the noise wavefield. In this case,
the GF can be retrieved from averaging cross correlations of the
recorded motions (Campillo & Paul 2003; Sanchez-Sesma et al.
2008).

For a diffuse field we can establish that the ‘average autocorrela-
tion’ of motion for a given direction at a given point is proportional
to the ‘directional energy density’ (DED). Thus, the energy densi-
ties at given directions are proportional to the imaginary part of GF
tensor components at such point. The relationships among energy
densities and their partitions have been recently studied by Perton
et al. (2009) and by Margerin et al. (2009). This concept of the
directional energy densities has been explored further and the con-
nection between deterministic results (regarding energy partitions
in a half-space due to surface loads) and diffuse fields has been
clearly established (Sanchez-Sesma et al. 2011).

3 THE RETRIEVAL OF THE GF FROM
CORRELATIONS

It has been demonstrated (Perton et al. 2009) that if a 3-D diffuse,
equipartitioned, harmonic displacement vector field u;(X, ) is es-
tablished within an elastic medium, the average cross correlations
of motions at points x, and xg can be written as

{ui(xa, w)u’;(Xs, w)) = =27 EskIm[G;(Xa, X8, ®)], 1)

where the GF G;;(xa, X, w) = displacement at x, in direction i
produced by a unit harmonic load acting at xg in direction j =
8;;8(]x — xg|) exp(iwt), i = /=1 = imaginary unit, » = circular
frequency, ¢ = time, £ = w/B = shear wave number, 8 = shear
wave propagation velocity, Es = pw?S? = average energy density
of shear waves which is a measure of the strength of the diffuse
illumination, p = mass density and S? = average spectral density of
shear waves. The asterisk (*) means the complex conjugate and the
angular brackets denote azimuthal average. Eq. (1) is the analytical

consequence of a correlation-type elastic representation theorem
and has been verified in canonical examples of a full space (Sanchez-
Sesma & Campillo 2006) and for inclusions (Sdnchez-Sesma et al.
2006, 2008).

4 ENERGY DENSITIES AT GIVEN
POINTS AND DIRECTIONS

The energy density at point x5 can be obtained if we rewrite eq. (1)
assuming X, = Xg.

E(xp) = sz (”m(XA)”:;(XA))
= - 27TI’LESk_IIm[Gmm(XA, xA)]' (2)

The total energy density at a point is proportional to the imagi-
nary part of the trace of the Green’s tensor for coincident receiver
and source. The imaginary part represents the power injected by the
unit harmonic load. This quantity ‘detects’ energies that are both
radiated and coming back to the source and may be used for imag-
ing. Eq. (2) is valid even if the summation convention is ignored
(Perton et al. 2009). In that case E(xy) = E,(xa) = DED along
direction m.

5 THE TWO FACES OF EQUIPARTITION

Equipartition is a first principle. Generally we cannot observe it
directly but we can infer its reality after realizing its consequences.
Within an infinite, homogeneous elastic medium (Weaver 1982,
1985; Perton et al. 2009) a diffuse field displays energy densities
along any direction with one-third of the available energy. This is
‘classical’ equipartition in terms of degrees of freedom. Alterna-
tively, equipartition can be invoked for wave modes. Weaver (1982)
showed that the ratio of shear and dilatational energy densities is
203 /B3, where o = velocity of P waves. Therefore, the energy frac-
tions of available energy density for shear and compressional waves
are 2R%/(1 + 2R?) and 1/(1 + 2R?), respectively, where R = a/p.
Let us call this ‘elastic’ equipartition.

Although for the full space the equivalence between classical
and elastic equipartition is trivial, in a half-space this is somehow
more complicated but it has already been established (Weaver 1985;
Perton et al. 2009). In the real Earth it is difficult to observe equipar-
tition explicitly. It has been pointed out in the coda of earthquakes
from detailed array analysis (Margerin et al. 2009).

6 THE NHV

Assume that a seismic field of microtremors is diffuse. We interpret
the stabilized spectral densities as DEDs. We can thus write the H/V
ratio as

E\(x, Er(x,
[H/ V) =\/ o, )

where £, E; and E5 are the DEDs and the subscripts 1 and 2 refer to
horizontal, and 3 to vertical degrees of freedom. This is essentially
the definition given by Arai & Tokimatsu (2004). To interpret the
NHYV aprimary ingredient has been the ellipticity of Rayleigh waves
(Lermo & Chavez-Garcia 1994; Fih et al. 2001; Arai & Tokimatsu
2004).

Here, we express the NHV in terms of DEDs of a diffuse field
that are then proportional to the imaginary part of the GF at the
source (for a discussion, see Sanchez-Sesma et al. 2008; Perton
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Figure 1. Geotechnical map of Mexico City. The three zones that character-
ize the region are depicted: I, Firm Ground; II, Transition and III, Lakebed
zones.

et al. 2009). Let’s consider eqs (2) and (3) and write

Im[G1,(x, X; w)] + Im[Gx(X, X; ®)]
Im[G33(x, X; )] .

[H/V](w) = \/ “4

This equation (Sanchez-Sesma et al. 2010) links ‘average’ mea-
surements expressed on the left-hand side with an intrinsic property
of the medium on the right-hand side, and naturally allows for the
inversion of H/V, the Nakamura’s ratio accounting for the contri-
butions of Rayleigh, Love and body waves.

7 THE TEXCOCO EXPERIMENT

A broad-band station with a fundamental period sensor of 7y =
30 s was used to record microtremors at the Texcoco lakebed at
a site close to Mexico City (Fig. 1), a flat zone with a clay layer.
Our data consist of noise records of approximately 6.4 hr in three
components. The normalization criterion consists in dividing each
component by the square root of the sum of autocorrelations for the
three components, integrated in frequency. This guarantees that the
associated total energy for each window is equal. In the ‘Supplemen-
tary Information’ results for several window lengths and number of
windows are shown. A remarkable characteristic of the noise we
recorded at Texcoco is the consistency of spectral measurements.
In our analysis we use windows of 40 s that give reliable spectral
estimates for frequencies larger than 0.3 Hz (i.e. more than about
12 cycles per window). Fig. 2 displays normalized autocorrelations
or spectral densities.

8 A LAYERED MEDIUM OVER
HALF-SPACE: 3-D SOLUTION

Consider a stack of N parallel elastic layers, with thickness #;,
compressional and shear velocities ; and f;, mass density p; and
quality factor Q; (j = 1,. .., N) overlaying a half-space (forj = N +
1) as depicted in Fig. 3. Interfaces allow continuity of displacements
and tractions and free boundary conditions of null tractions at the
top, except for concentrated vector unit point loads at the surface.
A formulation that uses a generalized modal superposition has
been recently proposed (Margerin 2009) to compute energy ratios.
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Figure 2. Normalized average autocorrelations of horizontal and vertical
motion at the Texcoco site. Vertical and horizontal (NS and EW) motions
are represented with continuous and dashed lines, respectively. Duration of
windows is 40 s. For details see the Supplementary Information.

\4

Figure 3. Stack of N parallel elastic layers over a 3-D half-space.

In this work we used also standard methods based upon potentials
(e.g. Knopoff 1964) to obtain explicitly the Green’s tensor as inte-
grals in the radial wavenumber domain. These two approaches are
equivalent. Details are given in the Supplementary Information.

9 MODELLING IN 3-D AND NOISE
HI/V SPECTRA

To provide a preliminary explanation of the Texcoco data we as-
sumed a simplified model composed of a single layer of thickness
H = 40 m, S-wave velocity 8§ = 70 m s, mass density p = 1.2
g cm* and quality factor Q = 100. Regarding the P-wave velocity
two extreme values were selected « = 400 and 800 m s—'. These
values correspond to Poisson ratios of 0.4842 and 0.4961, respec-
tively. Several tests reveal P waves have little influence on results.
The values assumed for the half-space are « = 2000 m s, 8 =
1000 m s~ and p = 2.5 g cm™>. A complete parametric analysis
is a matter of our current research but is beyond the scope of this
communication. Fig. 4 shows the results for horizontal and vertical
loads. The stair-like character of ImG, reveals ‘shear resonances’.
The behaviour of ImGs; is different. It displays a peak at 1 Hz as the
result of interacting P and S waves and is dominated by the ‘emis-
sion’ of Rayleigh waves at high frequencies. This interpretation is




224  F J. Sanchez-Sesma et al.

x 1o Imaginary part of the Green function
)

-~
H
[

L . B

Amplitudes
-

(]

4

2 3
Frequency (Hz)

(a)

Amplitudes

MNoise H/V spectral ratio

=

Frequencﬁﬂz}

(b)

Figure 4. (Left-hand side) Imaginary part of Green’s tensor components for both source and receiver at the free surface. Dashed and continuous lines represent
ImGy; and ImGs3, respectively. (Right-hand side) H/V for stabilized average spectra of 40 s long windows recorded at the Texcoco site (dashed line). The
theoretical result of eq. (4) is shown with a continuous grey line. For reference we added the theoretical results of our calculations; with continuous black line
for potentials without damping (O~! = 0) and with black dots for the results using generalized modes (Margerin 2009). Two values of P-wave velocity were
considered o = 400 and 800 m s™!, and the computed values are almost equal. At the scale of plot no differences are appreciated. For more details see the text.

based upon a recent study on the energy partitions among waves
types (Sanchez-Sesma ef al. 2011).

Fig. 4 also displays the noise H/V ratio for the Texcoco data.
A clear peak at 0.47 Hz is evident with a minor peak at about 0.3
Hz, which suggests a more complex, perhaps deeper structure. For
1-5 Hz, the ratio fluctuates around a value of about 1.4. The result
of our theory comes after applying eq. (4) and is also depicted in
Fig. 4 for the properties given above (grey line) and assuming no
damping (Q~! = 0 with black line). For this latter case the results
using Margerin’s (2009) approach are displayed as well (with black
dots). Note that all theoretical values have adequate asymptotic
values for both higher and lower frequencies. For frequencies lower
than 0.3 Hz the measured H/V ratio displays large values that we
are unable to explain at this moment. Perhaps, these ratios reveal a
physical feature not accounted for in our modelling. The qualitative
agreement of data and model (for Q = 100) is remarkable between
0.3 and 5 Hz. The amplitude is somewhat smaller but is acceptable
considering that a more detailed calculation is still to be made with
more realistic soil models. Note that the peak amplitude in our
theory comes from the ratio of the broad peak of 2ImGy; and the
emerging ImGs;.

Our theoretical results display the characteristics that are being
commonly used to invert soil structures from H/V: (1) they recover
the fundamental resonance frequency of the transfer function for
vertical body S waves, and (2) they show a strong decay close to
the first minimum of the ellipticity of Rayleigh wave. As shown by
Konno & Ohmachi (1998) this minimum is located approximately
at the double of the frequency of the first maximum for many
soils. Malischewsky & Scherbaum (2004) established when the
Rayleigh-wave ellipticity yields the shear wave resonance (namely
for sufficiently high impedance contrast) and when not. At higher
frequencies the theoretical solution displays small peaks related to
higher modes (see Féh et al. 2001).

10 DISCUSSION AND CONCLUSIONS

From these results three implications emerge regarding the diffuse
nature of microtremor wave fields: (1) the stabilization of the nor-

malized average autocorrelation for a given energy level suggests
that the resulting illumination is totally or partially equipartitioned,
thus (2) the resulting spectra can be regarded as specific 3-D sig-
natures of the site, and (3) the NHV can be expressed in terms of
a quotient that includes the imaginary part of GF components at
the source. Our formulation naturally allows for the inversion of the
Nakamura’s (1989) ratio. The GF includes all the contributions of
Rayleigh, Love and body waves. We are currently investigating to
what extent partial equipartition and attenuation limit our approach.
We expect that using this scheme the residuals in inversion become
smaller than those for other approaches.
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